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A study of five preparat ions  of the lungs of adult dogs showed that the dec rease  in the mean 
diameters  of the a r t e ry  and bronchi  f rom the roots of the lung to its per iphery  obeys the ex- 
ponential equation D = e -kz+b, where z is the numer ica l  o rde r  of the branches ,  D the d iam-  
eter  of the a r t e ry  or  bronchus in branches  of the z - th  order ,  k the rate  of change of the 
mean d iameters ,  and b the logar i thm of the d iameter  of the a r t e r y  or  bronchus for which 
z = 0. The p a r a m e t e r  b was shown to determine the dimensions of co r ros ion  preparat ions  
whereas the p a r a m e t e r  k is independent of the t rue dimens ions of the lung and its mean 
value is 0.25. The use of the pa r ame te r  k and the a rea  beneath the intervals of branching 
orders  1-7, 7-14, and 14-21 of the s tandardized function D = e -kz is recommended  for  
topical diagnosis and investigation of the dynamics of lung d i seases .  
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The exponential c h a r a c t e r  of changes in the d iameters  of branches of the bronchial  t ree  and the 
a r te r ia l  sys t em f rom the roots of the lung to its per iphery  was demonst ra ted  by anatomists  many years  
ago [1, 2, 4] but it is only in the las t  decade that attempts have been made to descr ibe  the relat ionship be -  
tween the numer ica l  o rder  of the branches and their  mean d iameter  mathemat ica l ly  [6, 7] . If it is assumed 
that D = e -kz+b (where z is the o rde r  of the branches ,  D the d iameter  of the branches  in the z - th  order ,  k 
the rate  of change of the d iameters ,  and b the logar i thm of d iameter  when z = 0) and if this equality is used 
in Rosen 's  equation [5] (0.794) z = Dz /Di ,  we thus obtain for z = 21: (0.794) 2t = e-21k+b/e -k+b = e-2~ k = 
-0 .243.  Clear ly  the value of k for all normal  a r te r ia l  and bronchial  preparat ions  will be constant .  In 
d isease  there  is a redis t r ibut ion of d iameters  [3]. The wr i te rs  postulated that under  these c i rcumstances  
the value of k, charac te r iz ing  the s tate  of the lung, will also change. 

The aims of the investigation were as follows : to prove that the rate  of change of the mean diameters  
of bronchial  and a r t e r i a l  branches  f rom the roots of the lung to its per iphery  obeys tile exponential equa- 
tion D = e-kZ+b; to show that the rate  of change of the mean diameters  for the normal  lung is in fact  a con-  
s tant  and is independent of the s ize  of the organ;  to develop a typical  model of distribution of branches  of 
the bronchial  t ree  and a r t e r i a l  sys t em and to deduce s tandard  p a r a m e t e r s .  

EXPERIMENTAL METHOD 

Experiments  were ca r r i ed  out on five dogs '  lungs. The d iameters  of the branches  of the l s t - 9 t h  
orders  were measured  in co r ro s ion  preparat ions  of the bronchial  t ree  and a r te r ia l  sys tem obtained with 
the lung inflated to ~ of the vital  capaci ty .  The mean diameters  of the branches in each o rde r  were found 
by s ta t is t ica l  analys is .  The resul ts  were used to calculate  the mean ra te  of change of the d iameters  k and 
the logari thm of the d iameter  of the bronchus or a r t e r y  of zero  o rde r  (b) f rom the equation D = e -kz+b by 
the method of l eas t  squa re s .  To determine the individual features of the bronchi  and a r t e r i e s  in different 
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TABLE 1. Mean D i a m e t e r s  of Bronch i  of  l s t - g t h  O r d e r s  (in mm) 

Specimen No. 1st 2nd 

12,67 10,08 
10,27 9,35 
9,02 7,62 

12,75 10,05 
10,43 8,08 

Order of branches 
3rd 4th 5th 

7,40 5,46 4,48 
7,24 4,95 3,85 
7,32 4,96 4,00 
8,15 5,95 4,15 
6,i8 4,75 3,83 

6th 7th 

3,29 2,72 
3,25 2,45 
3,25 2,25 
3,45 2,25 
2,97 2,21 

8th 9th 

2,59 1,70 
1,90 1,35 
1,85 1,41 
1,75 1,45 
1,68 1,25 

T A B L E  2. Mean D i a m e t e r s  of A r t e r i e s  of l s t - 9 t h  O r d e r s  (in ram) 

Specir~en No. 
Order of branches 

1st 

10,23 
8,17 
9,28 

10,26 
7,87 

2nd 

7,16 
7,28 
5,48 
9,03 
6,29 

3rd 

5,19 
4,79 
4,33 
6,50 
4,53 

4th 

3,83 
4,06 
3,37 
4,15 
3,75 

5th I 6th 

3'42 2,50 
3,12 [ 2,40 
3,02 I 2,38 
3,35 I 2,40 
2,93 2,1.8 

7th 8th 

2,29 1,63 
1,92 1,46 
2,17 1,57 
1,85 1,45 
1,61 1,23 

9th 

1 fi6 
1,15 
1,07 
1,15 
0,93 

TABLE 3. D i f f e rences  be tween  T h e o -  
r e t i c a l l y  and E x p e r i m e n t a l l y  D e t e r -  
mined  Mean D i a m e t e r s  of Branches  of 
Bronch i  and A r t e r i e s  of 21s t  O r d e r  in 
the Lung 

Z Mean diameters (mm) Deviations of 
meor. values ot 

theoretical experimenta: diameters ~om 
experiment (mr 

",~ arter-bron- arter-[bron-after- bron- 

1 0,05500,11580,061910,10970,0069 0,0061 
2 0,0821 0,06080,076410,06230,0057 0,0013 
3 0,061210,090710,0635[0,086110,00231 0,0046 
4 0,0723 0,0672 0,0699[0,0704[0,0024 0,0032 
5 0,04980,06220,049010,061710,0008 0,0005 

TABLE 4.  Values  of P a r a m e t e r s  k 
and b fo r  each  P r e p a r a t i o n  of B r o n c h i -  
al  T r e e  and A r t e r i a l  Sys t em 

r h b 
.L z 

~ arter-]bron- arteries bronchi 
~ ~ ies chi 

I I 

1 0 251310 24631 2,902 2 7635 
2 0245210 2492, 23428 2,5647 
30,24920,2,83,2,3124 2,6935 
4 0,24690,2514 2,3542 2,6240 
5 0,25940,2578 2,3290 2,5980 

lungs and to obtain  s t a n d a r d  c h a r a c t e r i s t i c s  the a r ea s  w e r e  
ca l cu la t ed  f o r  in te rva l s  1-7 ,  7-14,  and 14-21 of b ranch ing  
o r d e r s  f o r  the n o r m a l  c u r v e  D = e -kz+b  and for  the s t a n d a r d -  

c eb 

i zed  c u r v e  D = e -kz  by in t eg ra t ion :  S=fe-~Z+~g~=--~-(e-~--e-~9, 
a 

kz l a  S=Je- dz=--U(e-~a--e-u9; w h e r e  a is the s e r i a l  n u m b e r  of  the 

f i r s t  o r d e r  of b r anches  and b the s a m e  for  the l a s t  o r d e r  of 
b r a n c h e s  within the r ange  of  i n t eg ra t ion .  

E X P E R I M E N T A L  R E S U L T S  

The m e a n  d i a m e t e r s  of b r anches  of the s a m e  o r d e r  d i f -  
f e r e d  in d i f fe ren t  c o r r o s i o n  p r e p a r a t i o n s  (Tables  1 and 2). 
Only  d i a m e t e r s  of b r anches  of the subsequen t  o r d e r s  w e r e  
t h e r e f o r e  ca l cu la t ed  by the equat ion D = e -kz+b,  which was 
so lved  by the method of l e a s t  s q u a r e s  a f te r  p r e l i m i n a r y  t a k -  
ing of n o r m a l  l oga r i t hms  in o r d e r  to find the values  of k and 
b .  The n u m b e r  of o r d e r s  of b r a n c h e s  z was found by the equa-  
t ion z = [ln(n + 1 ) / l n  2] - 3, whe re  n is the n u m b e r  of a l v e o l a r  
p a s s a g e s  de t e rmined  by the point  method .  F o r  all c a se s  
s tudied  the m e a n  n u m b e r  of  o r d e r s  of b r a n c h e s  of the b r o n c h i -  
al t r e e  and a r t e r i a l  s y s t e m  was 20.7 + 0.6.  

To s tudy  the va l id i ty  of us ing  the funct ion D = e -kz+b  to 
d e t e r m i n e  the d i a m e t e r s  of b r anches  of  the 10 th -21s t  o r d e r s ,  
the ca l cu la t ed  d i a m e t e r s  of b r a n c h e s  of the 21s t  o r d e r  w e r e  
c o m p a r e d  with m e a s u r e m e n t s  made  on h i s to log ica l  s e c t i o n s .  
A g r e e m e n t  was good (Table 3). 

E x p e r i m e n t a l  s tudy  of the  r a t e  of change  of  the m e a n  d i a m e t e r s  of  the a r t e r i e s  and b ronch i  c o n f i r m e d  
the t h e o r e t i c a l  a r g u m e n t s .  I r r e s p e c t i v e  of the t r u e  d i a m e t e r s  of the lung, the r a t e  of  change  of the mean  
d i a m e t e r s  of the b r a n c h e s  was the s a m e  (Table 4). Devia t ion  of  the t h e o r e t i c a l l y  expec ted  r a t e  of change  
of the d i a m e t e r s  (0 243) f r o m  the e xpe r i men t a l l y  d e t e r m i n e d  values  ( ave rage  0.25) can be expla ined by  
e r r o r s  in the ca lcu la t ions  and in the m e a s u r e m e n t s ,  in exac t  l i nea r i t y  of the e x p e r i m e n t a l  s e m i l o g a r i t h m i c  
funct ion,  e tc .  Meanwhile ,  the values  of  the p a r a m e t e r  b w e r e  c o m p l e t e l y  d e t e r m i n e d  by the t rue  d i m e n -  
s ions  of  the lung.  
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TABLE 5. Areas  under Exponential Functions D = e -kz+b Charac te r iz ing  
Distr ibution of Diameters  in the Bronchial  Tree  and Ar te r i a l  System with- 
in Ranges of the l s t -7 th ,  7th-14th, and 14th-21st  Branching Orders  

Area under intervals of exponential curves D = e -kz+b 
Specimen 

No. 1--7 7- -14  

arteries b r o n c h i  a r te r ies  bronchi 

29,1132 
26,4799 
24,5221 
25,7327 
24,1172 

36,0520 
31,1156 
32,7130 
33,0390 
32,3948 

6,8423 
6,3879 
5,8507 
6,2303 
5,4055 

9,0312 
7,5265 
7,8624 
7,9432 
7,3887 

14 --21 

arteries bronchi 

l, 1783 1,6853 
1,1233 1,2966 
1,0215 1,3545 
1,1054 1,3684 
0,8801 1,2427 

After  ca.lculation of the pa ramete r s  k and b and solution of the semi logar i thmic  equations lnD = 
-kz  + b the a rea  was determined beneath the exponents D = e -kz+b (Table 5). Fluctuations in the s izes  of 
the corresponding areas  for a r t e r i a l  and bronchial  co r ros ion  preparat ions  can eas i ly  be explained by the 
different values of the p a r a m e t e r  b. 

Standardization of the exponential curves  D = e -kz+b by making b equal to zero  gave curves  that co -  
incided complete ly .  Corresponding areas  are  2.4201, 0.5743, and 0.0879 mm 2 for the three  ranges of 
branching orders  of the a r te r ies  and bronchi  considered.  

The representa t iveness  of the resul ts  was verif ied by the equation for  calculat ion of the sampling 
s ize .  It was shown that even if the e r r o r  of the mean rate  of change of the d iameters  was 0.005 {only 2% 
of the mean), in o rde r  to obtain representa t ive  conclusions it was sufficient to study three a r te r ia l  and 
three bronchial  co r ro s ion  prepara t ions .  

These investigations into the branching of the a i r  passages and the pulmonary  a r te r ies  thus revealed  
two distinct groups of pa rame te r s  : 1) those unconnected with the true dimensions of the lung (the ra te  of 
change of the diameters  k, the a rea  under the intervals of the s tandardized exponential function D = e -kz) ; 
and 2) those determining the overal l  s ize  of the prepara t ion (the pa rame te r  b, numer ica l ly  equal to the 
theore t ica l ly  found logar i thms of the d iameter  of the t r achea  or  trunk of the pulmonary ar te ry ,  and the 
areas  under intervals of the exponential curve  D = e -kz+b. 

The f i r s t  group of pa ramete r s  can be used to assess  changes taking place in the lung in pathological 
sta~es. Investigation of the rate  of change of the diameters  and the subsequent  convers ion to areas  be -  
neath the intervals of the exponential function are  important  in topical diagnosis .  The second group of 
pa ramete r s  is interest ing in its own account only- in connection with the analysis of fluctuations between the 
dimensions of the bronchial  t ree  and the a r t e r i a l  sy s t em within the spec ies .  Meanwhile, it can be applied 
in o rde r  to individualize the resul ts  of tes t s .  Determinat ion of the ra te  of change of the d iameters  and 
areas  under the intervals  of the s tandardized function and introduction of values of the p a r a m e t e r  b allow 
easy t ransi t ion to the concre te  case .  Under these c i r cums tances ,  the natural  logari thm of the d iameter  of 
the t rachea  must  be determined for  b as a cha rac te r i s t i c  of the bronchial  t ree  and the natural  logar i thm 
of the d iameter  of the pulmonary  trunk for b as a cha rac te r i s t i c  of the pulmonary a r t e r i e s .  
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