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A study of five preparations of the lungs of adult dogs showed that the decrease in the mean
diameters of the artery and bronchi from the roots of the lung to its periphery obeys the ex-
ponential equation D = e'kz+b, where z is the numerical order of the branches, D the diam-
eter of the artery or bronchus in branches of the z-th order, k the rate of change of the
mean diameters, and b the logarithm of the diameter of the artery or bronchus for which

z = 0. The parameter b was shown to determine the dimensions of corrosion preparations
whereas the parameter k is independent of the true dimensions of the lung and its mean
value is 0.25. The use of the parameter k and the area beneath the intervals of branching
orders 1-7, 7-14, and 14-21 of the standardized function D = e~KZ is recommended for
topical diagnosis and investigation of the dynamics of lung diseases.
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The exponential character of changes in the diameters of branches of the bronchial tree and the
arterial system from the roots of the lung to its periphery was demonstrated by anatomists many years
ago [1, 2, 4] but it is only in the last decade that attempts have been made to describe the relationship be-
tween the numerical order of the branches and their mean diameter mathematically [6, 7] . If it is assumed
that D = e~KZ+D (where z is the order of the branches, D the diameter of the branches in the z-th order, k
the rate of change of the diameters, and b the logarithm of diameter when z = 0) and if this equality is used
in Rosen's equation [5] (0.794)% = Dz/Di, we thus obtain for z = 21: (0.794)% = o~k /o-kth _ e~20K, i =
—0.243. Clearly the value of k for all normal arterial and bronchial preparations will be constant. In
disease there is a redistribution of diameters [3]. The writers postulated that under these circumstances
the value of k, characterizing the state of the lung, will also change.

The aims of the investigation were as follows: to prove that the rate of change of the mean diameters
of bronchial and arterial branches from the roots of the lung to its periphery obeys the exponential equa-
tionD = e'kz+b; to show that the rate of change of the mean diameters for the normal lung is in fact a con-
stant and is independent of the size of the organ; to develop a typical model of distribution of branches of
the bronchial tree and arterial system and to deduce standard parameters.

EXPERIMENTAL METHOD

Experiments were carried out on five dogs' lungs. The diameters of the branches of the 1st-9th
orders were measured in corrosion preparations of the bronchial tree and arterial system obtained with
the lung irnflated to ¥, of the vital capacity. The mean diameters of the branches in each order were found
by statistical analysis. The results were used to calculate the mean rate of change of the diameters k and
the logarithm of the diameter of the bronchus or artery of zero order (b) from the equation D = o-Kztb by
the method of least squares. To determine the individual features of the bronchi and arteries in different
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TABLE 1. Mean Diameters of Bronchi of 1st-9th Orders (in mm)

Specimen No Order of branches
P | 1t | 2nd 3rd ‘sth | 5th | 6th | 7th | sth | otn
1 1267 | 1008 | 7,40 | 546 | 448|329 | 27225 | 1,70
2 1027 | 935 | 7,24 | 495 | 385|395 245|190 | 1,35
3 902 | 762 | 732 | 496 | 400|325 225 | 185 | 141
4 1275 | 1005 | 815 | 595 |4.15| 345 | 295 | 175 | 145
5 1043 | 808 | 618 | 475 |38 | 297|221 | 168 1,25

TABLE 2. Mean Diameters of Arteries of 1st~9th Orders (in mm)

Order of branches

Specimen No.

| 2nd
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TABLE 3. Differences between Theo-

retically and Experimentally Deter-

mined Mean Diameters of Branches of
Bronchi and Arteries of 21st Order in

the Lung

Mean diameters (mm) | Deviations of
| -theor. values of

diameters from

theoretical |experimen s
pe ta} experiment (mm)

arter-|bron-  arter-|{bron-|arter-| bron-
ies |[chi ]ies |chi Jies chi

Specimen No.

0,0550|0,1158(0,0619(0,1097/0,0069] 0,0061
0,082110,0608(0,0764[0,0623]0,0057] 0,0013
0,06120,0907(0,0635[0,0861(0,0023| 0,0046
0,072310,0672(0,0699{0,0704|0,0024 0,0032
0,0498(0,0622{0,0490{0,0617|0,0008] 0,0005

Ut GO DD

TABLE 4. Values of Parameters k

| 3 4h | sth | 6th | 7th | sth | oth
706 | 519 | 38 1342|250 { 299 | 1,63 1,9
728 | 479 | 406 | 312|240 | 192 | 1146 | 1)15
548 | 433 | 337 |302| 238|217 157 | 1,07
903 | 650 | 415 335|240 158 | 145 1.15
6,29 | 453 | 375 | 2093|218 1561 | 1,23 ] 0,93

and b for each Preparation of Bronchi-

al Tree and Arterial System

3 P b
-
§_ §arter-ibron~1 arteries | bronchi
o Eies chi
1 10,2513!0,2463 2,4902 2,75635
2 10,2452i0,2492( 2,3428 2,5647
3 {0,2492|0,2483] 23124 2,5935
4 10,2469|0,2514] 23542 2,6240
5 10,2594/0,2578] 2,3290 2,5980

lungs and to obtain standard characteristics the areas were
calculated for intervals 1-7, 7-14, and 14-21 of branching
orders for the normal curve D = e~KZ+P and for the standard-

c b
ized curve D = e~KZ by integration: S=[e**+0s=p-(e-*o—e—te),
a
¢ 12 . . :
S={[e-k2dz=~~(c~ka—¢—ke), where a is the serial number of the
a

first order of branches and b the same for the last order of
branches within the range of integration.

EXPERIMENTAL RESULTS

The mean diameters of branches of the same order dif-
fered in different corrosion preparations (Tables 1 and 2).
Only diameters of branches of the subsequent orders were
therefore calculated by the equation D = e'kz'*’b, which was
solved by the method of least squares after preliminary tak-
ing of normal logarithms in order to find the values of k and
b. The number of orders of branches z was found by the equa-
tion z = [In(n + 1)/In,] — 3, where n is the number of alveolar
passages determined by the point method. For all cases
studied the mean number of orders of branches of the bronchi-
al tree and arterial system was 20,7+ 0.6,

To study the validity of using the function D = e~kK2+b ¢o
determine the diameters of branches of the 10th-21st orders,
the calculated diameters of branches of the 21st order were
compared with measurements made on histological sections.
Agreement was good (Table 3).

Experimental study of the rate of change of the mean diameters of the arteries and bronchi confirmed
the theoretical arguments. Irrespective of the true diameters of the lung, the rate of change of the mean
diameters of the branches was the same (Table 4). Deviation of the theoretically expected rate of change
of the diameters (0.243) from the experimentally determined values (average 0.25) can be explained by
errors in the calculations and in the measurements, in exact linearity of the experimental semilogarithmic
function, etc. Meanwhile, the values of the parameter b were completely determined by the true dimen-

sions of the lung.
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TABLE 5. Areas under Exponential Functions D = e—K2Z+b Characterizing
Distribution of Diameters in the Bronchial Tree and Arterial System with-
in Ranges of the 1st-7th, 7th-14th, and 14th-21st Branching Orders

Area under intervals of exponential curves D = e~ kz+b
Specimen
No., 1-7 7—14 14 ~21

arteries bronchi arteries | bronchi arteries | bronchi
1 29,1132 36,0520 6,8423 §,0312 1,1783 1,6853
2 26,4799 31,1156 6,3879 7,5265 1,1233 1,2966
3 24 5221 32,7130 5,8507 7,8624 1,0215 1,3545
4 26,7327 33,0390 6,2303 7,9432 1,1054 1,3684
5 24,1172 32,3948 5,4055 7,3887 0,8801 1,2427

After calculation of the parameters k and b and solution of the semilogarithmic equations InD =
—kz + b the area was determined beneath the exponents D = e'kz+ (Table 5). Fluctuations in the sizes of
the corresponding areas for arterial and bronchial corrosion preparations can easily be explained by the
different values of the parameter b,

Standardization of the exponential curves D = e~kztb by making b equal to zero gave curves that co-
incided completely. Corresponding areas are 2.4201, 0,5743, and 0.0879 mm? for the three ranges of
branching orders of the arteries and bronchi considered.

The representativeness of the results was verified by the equation for calculation of the sampling
size. It was shown that even if the error of the mean rate of change of the diameters was 0.005 (only 2%
of the mean), in order to obtain representative conclusions it was sufficient to study three arterial and
three bronchial corrosion preparations.

These investigations into the branching of the air passages and the pulmonary arteries thus revealed
two distinet groups of parameters: 1) those unconnected with the true dimensions of the lung (the rate of
change of the diameters k, the area under the intervals of the standardized exponential function D = e~K2);
and 2) those determining the overall size of the preparation (the parameter b, numerically equal to the
theoretically found logarithms of the diameter of the trachea or trunk of the pulmonary artery, and the
areas under intervals of the exponential curve D = e-kztb

The first group of parameters can be used to assess changes taking place in the lung in pathological
states. Investigation of the rate of change of the diameters and the subsequent conversion to areas be-
neath the intervals of the exponential function are important in topical diagnosis., The second group of
parameters ig interesting in its own account only in connection with the analysis of fluctuations between the
dimensions of the bronchial tree and the arterial system within the species. Meanwhile, it can be applied
in order to individualize the results of tests, Determination of the rate of change of the diameters and
areas under the intervals of the standardized function and introduction of values of the parameter b allow
easy transition to the concrete case. Under these circumstances, the natural logarithm of the diameter of
the trachea must be determined for b as a characteristic of the bronchial tree and the natural logarithm
of the diameter of the pulmonary trunk for b as a characteristic of the pulmonary arteries.
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